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Abstract—In this work, a simple and effective robust adaptive
beamforming technique is proposed for uniform linear arrays,
which is based on the power spectral estimation and uncertainty
region (PSEUR) of the interference plus noise (IPN) components.
In particular, two algorithms are presented to find the angular
sector of interference in every snapshot based on the adopted
spatial uncertainty region of the interference direction. Moreover,
a power spectrum is introduced based on the estimation of the
power of interference and noise components, which allows the
development of a robust approach to IPN covariance matrix
reconstruction. The proposed method has two main advantages.
First, an angular region that contains the interference direction
is updated based on the statistics of the array data. Secondly,
the proposed IPN-PSEUR method avoids estimating the power
spectrum of the whole range of possible directions of the
interference sector. Simulation results show that the performance
of the proposed IPN-PSEUR beamformer is almost always close
to the optimal value across a wide range of signal-to-noise ratios.

Index Terms—Covariance matrix reconstruction, DoA esti-
mation, Uncertainty of interference region, Robust adaptive
beamforming, Power spectrum estimation.

I. INTRODUCTION

DAPTIVE beamforming is a spatial filtering technique

that has numerous applications in radar, wireless com-
munications, speech signal processing and other fields [1],
[2]. The standard minimum variance distortionless response
(MVDR) [3] beamformer is a well-known adaptive beam-
former that assumes accurate knowledge of the antenna array,
the actual array manifold and that there is no desired signal
component in the training samples. MVDR is used to suppress
interference and noise, while keeping a distortionless desired
signal. However, in non-ideal conditions such as mismatches
between assumed and true steering vectors (SV) and finite data
samples, the effectiveness of adaptive beamformers degrades
significantly. During the last decades there have been several
contributions to enhance beamformer robustness, for example
the so-called diagonal loading technique [4]-[6], uncertainty
set-based methods [7], [8], eigenspace-based methods [9], the
modified robust Capon beamformer in [10], and very recently,
the adaptive beamformig based on complex-valued convolu-
tional neural networks for sensor arrays in [11]. Nonetheless,
the presence of a signal of interest (SOI) component in the
training data, especially at high SNR, is a main reason of
adaptive beamforming performance degradation.

A. Prior and Related Work

To address the performance degradation related to the
presence of a SOI component in adaptive beamforming, var-
ious techniques based on interference-plus-noise covariance
(IPN) covariance matrix reconstruction have been recently
developed to eliminate the SOI component from the signal
covariance matrix. In [12], [13], the IPN covariance matrix
is reconstructed using a Capon power spectrum estimator by
integrating over a region separated from the SOI. In [14],
by exploiting the sparsity of source distribution, the IPN
covariance matrix is reconstructed via solving a compressive
sensing problem. It performs perfectly for ideal antenna arrays,
but it can not cope with array calibration errors. In [15] and
[16], computationally efficient algorithms were obtained via
low complexity reconstruction of the IPN covariance matrix.
A partial power spectrum sampling approach was developed
in [17] to reconstruct the IPN covariance matrix with low
computer complexity using the covariance matrix taper tech-
nique. In [18], the IPN covariance matrix is reconstructed
by searching for interference steering vectors that lie inside
the intersection of the signal-interference subspace and the
interference subspace.

The IPN covariance matrix reconstruction in [19] follows a
similar technique to that in [12] and [4]. However, the interfer-
ence steering vector is estimated based on ad-hoc parameters.
The approach in [20] employs the beamformer output power
to jointly estimate the theoretical IPN covariance matrix and
the mismatched steering vector using the eigenvalue decom-
position of the received signal covariance matrix. On the other
hand, the IPN covariance matrix in [21] is reconstructed based
on the interference power estimation. In [22] improved beam-
formers based on reconstructing the interference-plus-noise
covariance matrix were proposed, which can be used for the
case of arbitrary steering vector mismatch, while the algorithm
in [23] reconstructs an IPN covariance matrix directly from
the signal-interference subspace. In [24], a method based on
the principle of maximum entropy power spectrum (MEPS) is
proposed for IPN matrix reconstruction in which the Capon
spectrum estimation is replaced by the maximum entropy
algorithm, while a reduced computational complexity version
of this paper is presented in [25]. The method proposed in [26]
utilizes the orthogonality of the noise and signal subspaces to
reconstruct the IPN covariance matrix. In [27] the IPN matrix
is reconstructed based on interference power estimation via
the quasi-orthogonality between different steering vectors and



the colored noise covariance matrix. In [28], a method for
reconstructing the IPN covariance matrix was developed based
on gradient searching to obtain more accurate steering vectors,
while algorithm in [29] utilizes the virtual received steering
vector and the spatial sampling process to reconstruct the IPN
matrix based on an orthogonal projection matrix and retain the
interference plus noise components and recently, the method
proposed in [30] involves IPN matrix reconstruction using an
idea in which the power of the interferences is estimated based
on the power method.

Although the aforementioned IPN covariance matrix re-
construction approaches considerably enhance beamforming
performance, it is worth noting that all of the above-mentioned
methods can only generate narrow nulls in the interference
incident direction. When the interference moves or the array
platform shakes, the interference may move out of the null
and cannot be effectively suppressed. Therefore, the ability of
the beamformer to suppress interference is reduced, and may
even completely fail.

B. Contributions

In this paper, we propose an efficient adaptive beamforming
algorithm based on the IPN covariance matrix. The proposed
method, which we denote by IPN-PSEUR, relies on power
spectral estimation and on the uncertainty region around the
IPN components. To begin with, the initial direction of arrivals
(DoAs) of the desired signal and interferences are estimated by
the spectral MUItiple SIgnal Classification (MUSIC) approach.
Then, instead of determining the pre-defined or fixed angular
sector of interference, the proposed approach generates a
procedure in every snapshot to adjust an uncertainty region for
each DoA of interference with small angular sector. Moreover,
to shape the directional response of the beamformer, a sim-
plified power spectral density function based on a piecewise
constant function with only two levels of the interference plus
noise component is introduced, which results in a low-cost, but
effective approach to IPN covariance matrix reconstruction.
The proposed IPN-PSEUR beamformer can create notches in
the directional response of the array with adequate depths and
widths to effectively suppress interference signals.

The rest of this paper is arranged as follows. In section
II, we introduce the signal model and provide background
on adaptive beamforming. The proposed methods to esti-
mate the IPN uncertainty region and IPN covariance matrix
are presented in Section III. The mathematical analysis and
computational complexity of the proposed PSEUR method
are given in IV, while the pseudo code is summarized in
Algorithm 1. Simulation results are described in Section V,
and Section VI concludes this paper.

Notation: Lower case is used for scalar quantities (e.g.,
v) and bold lower case for column vectors (e.g., v). Bold
capital letters represent matrices (e.g., C). ¢, stands for the
y*" column of C. For a vector v, we denote its y*" element as
vy. ()7 stands for transposition, while £ {-} and (-)” denote
statistical expectation and Hermitian of a matrix or vector,
respectively. The rank of a matrix is denoted by rank(:), the
span of a matrix is denoted by span(-), while diag(-) defines

a diagonal matrix. || - ||% is the Frobenius norm, while || - |2
is the ¢ norm. I, represents the M x M identity matrix.

II. DATA MODEL AND PROBLEM STATEMENT

Consider that there are K far-field signal sources including
a desired signal and K — 1 interferers impinging on an M-
element antenna array. The spacing between elements, d, is
equal to one-half wavelength. The received data at time t,
x(t), is modeled as

X(t) = a 91 81 —|— Il( ) (1)

where x(t) = [21(t) xa(t)]T, and the signals x,,(t),
m = 1,2,---, M are the output of each antenna element,
while so(t) and si(t) denote the components of the SOI
and k*" interference, respectively; n(t) is an additive white
Gaussian noise vector with zero mean and covariance ma-
trix o2I5; a(fy) and a(fy) represent the M x 1 steering
vector from the desired signal direction #; and interference
directions 6y, respectively. In this work, we assume that the
SOI, interferences, and noise are statistically independent of
each other. Consequently the covariance matrix of the received
signal vector may be expressed as

Rgng{x(t } ARA +U2I]\/j
K
= o?a(6,)al (6;) + Z oia(fy)a (0y) +021r, (2)
k=2
—ARAH

where Ry = & {s(t)s”(t)} is a covariance matrix with
rank K (rank(A) = K) and A = [a(61), - ,a(fk)] is a
Vandermonde matrix. Also, o7 and o} denote the powers of
the desired signal and the k*" interference. At direction 6, the
steering vector a(f) is given by

a(f) = [1 e—i(@md/N)sing e—j(M—l)(QTrd/)\)sine]T7 3)
where A represents the signal wavelength and d = A/2 is the
interelement spacing.

It is well-known that the standard Capon beamformer (SCB)
is a representative example of adaptive array beamformer
which intends to allow the SOI to pass through without
any distortion while the interference signals and noise are
suppressed as much as possible, thereby maximizing the output
signal-to-interference-plus-noise ratio (SINR). The SCB can
be formulated as

H‘lin wlRi ., w st Ha(g,) =1. ()]
Here matrix Ry, = Yr, o2a(f)a (6;) + 021, denotes
the theoretical IPN covariance matrix. The solution to (4)
yields the optimal beamformer given by

R1+n (01)
a(91) 1+n (61)
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where w = [wy, -+ ,wps]7 is the beamformer weight vector.
The optimal beamformer weight vector w can be obtained by
maximizing the output SINR as follows

oflwa(6:)|*

SINR =
wAR; W

(6)
In practice, the IPN covariance matrix, Ry, is replaced with
the sample covariance matrix

R 1 Y

where N is the number of snapshots.

III. THE PROPOSED IPN-PSEUR ALGORITHM

In this section, the spectral MUSIC method for DoA
estimation is utilized and a novel beamforming algorithm,
denoted IPN-PSEUR (the acronym refers to power spectrum
and uncertainty region) Q is introduced. Then, a new approach
for power spectral estimation of the IPN components will be
addressed to simplify the process of the IPN covariance matrix
reconstruction. The main idea of the proposed method is to
estimate the power and region where the interference signals
lie, then obtain a more precise reconstructed IPN covariance
matrix.

A. Estimation of IPN Uncertainty Region

One of the most important and critical problems facing
sensor array systems is the detection of the number of sources
impinging on the array. This is a key step in most super-
resolution estimation techniques, which often take the number
of signals as prior information. However, in this work, we
utilize a MUSIC-based criterion [31] which provides asymp-
totically unbiased estimates of 1) the number of incident wave-
fronts present; 2) directions of arrival (or emitter locations).
It is assumed that the columns of A are linearly independent,
the angles ), are distinct and A has rank K. Consider the
eigendecomposition of R, as follows

R,. = UAUY + U AU, ®)

where  Ag = diag(A1,...,Ax) and A, =
diag(Ak+1,...,Anm) are the eigenvalues of matrix
R, corresponding to the signal subspace and noise
subspace, respectively, which are in descending order
A > - 2 Ak > Ak+1,- - ,Am, and the corresponding
eigenvectors are uj,---,Ug,Ux41, - ,Upy. Ug is the
eigenvector matrix composed of the eigenvectors associated
with the first K larger eigenvalues, which spans the signal
subspace, and, U, is the eigenvector matrix composed of
the eigenvectors associated with the first M — K least
significant eigenvalues which span the noise subspace where
Us =[uy, - ,uxg] L U, =[ug41, - ,un]. By comparing
(8) and (2), we can see the columns of A span the same
space as the columns of U, (span(Ug) = span(A)) and
span(U,,) is orthogonal to span(Us) = span(A). Thereby,
we can write

AfU, =o0. 9)

Then, the set of directions 6 are found by minimizing the
Frobenius norm of (9) as follows

{61} = argmin| AFU, ||}
O

(10)
Since the signal steering vectors are orthogonal to U,,, we can
find the individual directions as

0, = argmin|ja” (0,)U,|2, k=1,--- K
O,

(In

where ék are the estimated DoA of signals. However, the
orthogonality property in (9) only holds approximately since
eigenvectors and the covariance matrix are estimated from a
finite set of vectors.

To mitigate the uncertainties regarding the source direction,
estimation of the DoAs of the interference must consider the
corresponding uncertain regions during the time interval in
which the snapshots are taken. The need for using broad nulls
often arises when the direction of arrival of the unwanted
interference may vary slightly with time or may not be known
exactly. A sharp null would require continuous steering for
obtaining a reasonable value for the SNR. In the proposed
technique, a procedure is described by identifying an angular
sector that allows the algorithm to adjust the null in the
beampattern toward interferers. To this end, we consider the
case where the interferers can move with respect to the array,
such that their directions vary with time as

s AOk(tn) N
- _ 2 —1,---,N (12
where k = 2,---, K, Afk(t,) is the spatial uncertainty

region change during the observation interval, and 6 is
the direction at the center of the observation interval. It is
assumed that, during the observation interval, the interference
direction, as observed by the array, stays in the interval
(9k—A9k/2, 9k+A0k/2). In order to estimate Ady,, we use the
DoA estimation technique in [32]. This technique is based on
using the correlation between the inner products of the steering
vector corresponding to a general direction of incidence with
the received vectors. Regarding this method, the angle that
maximizes the magnitude of the inner product is taken as the
DoA estimate in (11) by scanning an angular sector centred
on ék as [32]

Ok (t,) = argmax |x (t,)a(0)|,
0€O

n=1,--,N (13)

where Oy = [ék -, 0y, +] is the angular sector corresponding
to the estimated interference signal in (11) while ¢ < =
is a small angle. It is noted that the parameter c should be
chosen large enough to guarantee that the correct direction is
in the interval, but its exact value is not very important. By
comparing (12) and (13) and rearranging we can find Ay (t,,)
forn=1,---,N as

Oy + A%T(tn)(tn - E) = argmax |x7 (t,)a(0)]
2 00
2N N
Aby(tn) = ( ) (argmax |x" (t,)a(0)| — 0x). (14)

2t, — N

0€O
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Fig. 1. Power Spectrum of Uncertainty Region

B. IPN Covariance Matrix Reconstruction

Recent works on robust adaptive beamforming focused
on reconstructing the IPN covariance matrix utilizing the
power spatial spectrum distribution over all possible direction,
obtained using either Capon spectrum estimation [12] or
maximum entropy [24] approaches as follows

Ry, = 5(0)a(h)a
Ri, = /O p(0)a(0)al (6)do,

ipn

15)

where Ojp, is assumed to be the angular sector of the interfer-
ences, p(6) is the power spectrum in the IPN spatial domain

1 1

5(0) = - 12),p(0) = —————— [24
p(0) a7 (0 R—1a(0) [12], p(6) el (O R [24]

(16)
and u; = [10-- 0]T, e = 1/ul R~ 1u;. To approximate the

integral, it is assumed in [13], [19], [24] that Oy, is uniformly
sampled with P sample points. Therefore, R;, is calculated by

P
Rin = Y p(0,)a(0,)a" (6,)A0, (17)
p=1
where A6 = |Ojpn|/P and |Oipy| = length of Opy.

The main problems with this IPN matrix construction stem
from the approximation of the integral of the rank one matrices
with a summation that requires a large number of computations
to be able to accurately synthesize powers from signals for
the whole 27 sector [29]. Moreover, errors in interference
power estimation and corresponding angular sector lead to
inaccuracies to suppress the unwanted signals with deep nulls.

To address these problems, a simple and novel method is
utilized based on a piecewise constant approximation to 5(6)
with only two levels and the use of the estimated uncertainty
sectors for interferences given by (14). As shown in Fig. 1,
we concentrate most samples to small sectors around the
interference angular sector. This is in contrast to other methods
in which a large sector [—m,7| is considered to find the
interference directions. In particular, the parameter j(6) is
designed based on the fact that the strong interference signals
should be suppressed more. Thereby, we use an approximation
for p(6) with just two levels, a low level 4, and a high level
Au. It means that vy > ~1,. Therefore, we can modify the
IPN covariance matrix in (15) as follows

Ri, = 41 / a(f)a’ (0)do

G — A1) / I, (D)a(0)a™ (0)d6, (18)

—T

where
1, 0 € O

0, Otherwise (19)

lo, (0k) = {

and O} = (ék —Ab/2, 0y + A6y, /2). In order to calculate the
first integral, we utilize the definition of array steering vector
(3). Letting v = u(0) = (2wd/\) siné

1 el ed(M—1)u
e—Ju 1 ej(]\l—Q)u
a(0)a’ (0) =
eI (M=) g=j(M=-2)u .. 1
= [, tm=1,--- M. (20)
It can be shown that
/ a(0)a” (0)df = 2= [B],,, - 1)

where [B],, = Bo(|¢ —m|r) is the Bessel function of the
first kind. Since [B],_, = diag(B) =1, we can write

/Tr a(f)a’ (0)do = 271 + 27 Blrsm

—Tr

AL / a(f)a” (0)do = 274LI + 274L,C (22)

where C = [B]bém. Using (22), we can re-write (18) as

Rin = 279LI + 2790.C + (Fm — A1) / a(h)a (9)do
Oin

2l (u - i) [ a@al@d, @3
Oin
where ©;, = Uf:z O and the approximation holds for

Ax > Ap. By sampling ©;, uniformly with @Q;, < P
sampling points, (23) can be approximated by
. Qin
Rin = 27901+ (91 — 1) Z a(&ni)aH(Qni)AQ
i=1
=2+ (9 — L) R,
. i — L
=2 I+ —R]
7T’-}/L( + 271_,%4 1n)a
where we assumed that @i, = |[On|/Af, Rl =
Z?:l a(f,,)a(,,)A0. Let the eigenvalue decomposition
(EVD) of R}, be written as

(24)

R
R}, =EZE” =) ¢eef, (25)
r=1

where = is a diagonal matrix with the eigenvalues
&RI)(r = 1,---  R) of R, on the diagonal, and E is
an orthogonal matrix with a corresponding set of orthonormal
eigenvectors e, - ,epr as columns and (rank(R]) = R <
M) denotes the rank of RY, . The rank R depends on the width
of the angular sector Oy, and is one if the width shrinks to
zero. But the dominant eigenvalue would be of the order of
Emax = M|Oy| and the majority of the eigenvalues would be
close to zero for a sufficiently small width or |©| — 0. By
replacing (25) back into (24) and taking the inverse of R,



based on the Woodbury matrix inversion lemma, we can show
that

R 1 2
Ri_nl — . [I v —E (LYL
27, YH — L
Also, based on the theoretical definition of the IPN covariance
matrix, we have

Z (Tka Hk
27)

Then, the inverse of the IPN covariance matrix in (27) by
applying Woodbury’s matrix inversion lemma is expressed as

=14 EHE) _IEH} (26)

1+n Qk) +o I]y[ AKEKAg + O',ZI

R-1

1 _ -1
i+n = 0_7 {IJVI — AK (O'ZEKl + AgAK) A%}, (28)

where Ax = [a(fs), - - ,a(fk)] and Xk is the diagonal

matrix with eigenvalues 07 (Rijn) for k =2,--- | K.
By comparing (26) and (28), we can easily see that
1 1 R 1 .,
QW'A}’L = — and thus 9, = 570 29)

where 62 = 32 S - A2, On the other hand, in order to
effectively suppress interference, the choice of 4y is based on
the fact that the interference with higher power should be more
suppressed. To this end, the condition 4y > max{67}5_, is
considered. Therefore, we can write
2 ~2

T o Tn 5 = max {6} 5. (G0)
Yo — A max{Gj};,

In order to find Ay, the interference power is estimated via
the quasi-orthogonality between different steering vectors for

the sample covariance matrix. Let us recall the received data

(1) as
)+ Zaksk n(t).

For brevity, we assume that a(ﬁk) = aj and a(f,) = a;.
Pre-multiplying the above equation by akH , we have

( —3181 (31)

alx(t) = afla; s, (t) + alf ( 3 apsi(l) + n(t)). (32)
k=2

Assuming that a; is approximately uncorrelated with a; for

j # k (which would be true if M is large enough and the

angles ¢; and 0, are sufficiently spaced for j # k) and the

inner products of a; and a; are negligibly small for £k =

2,---, K, we obtain
2(t) ~ af agsy(t) + ag'n(t), (33)
so the sample variance can be written as
Fop = N Z |z (tn)|* = 67af aray ay, + 62af ay, (34)
where 67 is an a imati 2= 2 d o2
i pproximation to o7 = & {[sx(t)[*}, and &

is given after (29). The power of the k-th interference 67 can

be obtained, recalling that af’a;, = M, by
_ Top — &,QLM

ok =""3p (35)

Finally, for the assumed SOI direction 6, (a(él) = ay), the
robust beamformer is computed by

WPSEUR = —A ! = (36)

IV. ANALYSIS OF THE PROPOSED IPN-PSEUR METHOD

In this section, we provide a mathematical analysis of
the proposed IPN-PSEUR approach. We also compare the
computational complexity of the proposed method and existing
methods. A summary of the proposed IPN-PSEUR method is
presented in Algorithm 1.

A. Computational Complexity and Summary of IPN-PSEUR

The reconstructed IPN-CC covariance matrix method in
[12] has a complexity of O(PM?), while the IPN-SPSS [16]
incurs a complexity of O(M?) because of the matrix inver-
sion. The complexity of the IPN-EST [18] and IPN-SV [33]
is max(O(PM?),0(M?3?®)) and max(O(P;M?),O(M?3%))
respectively, since both need to solve a convex optimiza-
tion problem with high computational cost. The IPN-SUB
beamformer in [25] has computational complexity of K x
max (O(P,M?),O(PM?)) where P, denotes the number of
samples in the small angular sector of the interference region.
In [23] (IPN-MEPS), the IPN covariance matrix is recon-
structed with a complexity of O(P,,M?) and the desired
signal steering vector estimation requires the complexity of
O(SM?) where S denotes the number of samples in the
desired signal region. In all simulation results, the parameters
P =188, P, = 1002, P,, = 90, S = 14, Qi = 14 and
P, = 28 are considered. Note that, for each algorithm in the
simulations, we employed the lowest quantities that result in
the best performance because some references did not provide
values for the parameter P. In Fig. 2, we compare the growth

TABLE I
COMPUTATIONAL TIME

[ Beamformers [ Execution time (s) ]

IPN-SPSS 0.0065
IPN-PSEUR 0.0103
IPN-SUB 0.0222
IPN-MEPS 0.0247
IPN-CC 0.0301
IPN-EST 0.7116
IPN-SV 0.7669

rate of the computational complexity for the proposed algo-
rithm and the other tested algorithms in terms of the number
of sensors M used for each snapshot, and assuming the other
parameters as described above. The reconstruction of the INC
matrix requires solving a quadratically-constrained quadratic
program (QCQP), which increases the complexity of IPN-SV
and IPN-EST. It is evident that the complexities of IPN-CC,
IPN-MEPS, and IPN-SUB have almost the same slope against
the number of sensors, while the IPN-SUB has low complexity
since it allows a nonuniform sampling for the interference-
plus-noise angular sector. On the other hand, although the
IPN-SPSS requires fewer computations compared to the other
methods (including the proposed method), its performance



of is not as good as that of the other reconstructed IPN
algorithms. Note also that the IPN-SV method has a highly-
variant computational complexity in different snapshots, due
to the online optimization program used for the steering vector
estimation. CMR-SV, on the other hand, needs more sampling
points (P; = 1002) for the interference plus noise angular
sector. Therefore, its computational complexity is high.

As an example to show the computational complexity of the
proposed method and other compared methods, we ran all
algorithms using MATLAB 2017a on a Windows 10 laptop
with dual core 1.9 GHz Intel Core i3 CPU and 3.36 GB
memory. the results are demonstrated in Table 1. To do this
properly, we closed all background processes in our computer
(internet, e-mail, music, all unrelated software), and restricted
MATLAB to use a single processor all time. Furthermore,
it should be noted that these measurements have been done
based on the parameters given in the simulation section and
the scenario of that there is no mismatch between the actual
and assumed steering vector and exact signal steering vector
is known (first scenario in the simulation section).

—&O— IPN-PSEUR ]
IPN-SPSS
—+— IPN-MEPS
—8— IPN-CC
—#c— IPN-SUB
—#— IPN-EST
IPN-SV

0 10 20 30 40 5 60 70 80 90 100
Number of sensors

Fig. 2. Growth rate for the computational complexity for the various
algorithms

B. Theoretical Considerations on the Beampattern Within a
Notch for the Proposed PSEUR Method

This subsection derives the expression of the directional
response of the array in the angular sector of interferences
to investigate the performance of the proposed IPN-PSEUR
approach. To this end, we employ the example of a single
interference. Understanding the relationship between the depth
of the notch in the beampattern and the weight vector is useful
for the presented analysis.

A standard tool for analyzing the performance of a beam-
former is the response for a proposed weight vector Wpsgur
as a function of angle 6, known as the beam response. This
angular response is computed by applying the beamformer
WpsSEUR tO a set of array response vectors from all possible
angles, that is, —90° < 0 < 90°, as follows

D(0)

= |W11'-L’ISEUR3(9)| = ‘ " (37)

Algorithm 1 Proposed PSEUR Adaptive Beamforming

1: Input: Array received data vector {x(ta) N4,

2: Compute R,, = (1/NZn 1X( 2)xH (t,);
3: Construct R, = UAUH, S = A = [uy, -+ ,ug|, G =
Ug1, - uuml;

. 52 1 M 2 A 152
4: Compute 6;, = 37— D i—g41 A; and YL = 5-6;

S:Fork=2:K

6: Compute 0, = argmin|| A7 G||2;
{0k}

7:  Calculate aj, = a(f;) =

8: Forn=1: N

[]_7 efjék’ P 767.j(M71)0Ak}T

9: Obtain Af(t,,) using (14);

10: Compute {z(t,)}_; using (33);
11: Compute 7, using (34);

12: Compute 67 using (35);

13: End

14:  Assign Oy = (9k — Ab/2, 05 + Ab/2);
15: End

16: Calculate 4y = max{67}< , + A1;

17: Assign ©;, = UkK:2 O, sampling Oy, uniformly with Qi
sampling points;

18: Compute RZ, = 39" a(0,,,)a (6,,,) A0,

19: Reconstruct IPN Covariance matrix, f{in by (24);

20 Design proposed beamformer using (36);

21: Output: Proposed beamforming weight vector wpsguR.

The numerator of (37) is computed by substituting (26) into
(37) as follows

H > —1a H
R, ‘ (h)a
a ( ) 1n al 271_7];’
2 —1
- aH(H)E<7A T =1 +IR) E7a;|, (3%)
YH — L

since E is an orthogonal matrix with a corresponding set of
orthonormal eigenvectors ey, --- ,er of Rf as columns, we
employ the fact that E¥YE = Iy. That means any steering
vector whose DoA comes from O, can be expressed as a linear
combination of the columns of E [33]. Therefore, the steering
vector a(f) € span(E) can be expressed as a(f) = Eh(6) for
some h(6) (and for 0 € Oy) [34].

In order to simplify the expression in (38), we define a
vector for § € ©; which is the orthogonal projection of a;
onto the subspace spanned by the eigenvectors e, for (r =

, R) as follows
E4,

—b= (b ba]T, (39)

then, (38) can be written as
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The denominator of (37) can be alternatively expressed by
1 A
= o [llaal?
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If the SOI angular direction is sufficiently separated from the
sector O, then ||b|l2 << ||a1||2. Moreover, for a sufficiently
small sector ©, the dominant eigenvalue would be much
bigger than most of the eigenvalues A, of R, which would be
either very small or almost zero. According to these points,
the summation in (41) can be disregarded and the beampattern
is expressed as follows

2L, “( 1

||a1||2’zh (3
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(41)

)‘ (42)

(42) illustrates that by choosing large values of (g —41,), the
beampattern inside the notch would be small. Moreover, (41)
implies that the parameter (§y — 41,) affects the array gain
at directions outside the interference sector and the gain at
these directions would be increased unnecessarily. Therefore,
in order to eliminate the interference precisely, the value of
4r should not be too large, only enough to suppress the
interference.

V. SIMULATIONS

In the simulations presented in this paper, a ULA consisting
of M = 20 omnidirectional sensors is considered. In each
sensor, the additive noise is modeled as a complex Gaussian
process with zero mean and unit variance that is spatially
and temporally white. The desired signal and two interfering
sources are impinging from 0, = 10°, —50° and 30° respec-
tively. In all scenarios, we assume that the number of snapshots
is K = 30, the input SNR is fixed at 10 dB, and perform 100
Monte-Carlo runs while the interference to noise ratios (INRs)
is set to 30 dB for both interferers.

The proposed (IPN-PSEUR) beamformer is compared with
the following approaches: the subspace-based beamformer
[26] (IPN-SUB), the beamformer in [13] (IPN-CC), the
reconstruction-estimation based beamformer [19] (IPN-EST),
the beamformer in [17] (IPN-SPSS), the beamformer in [35]
(IPN-SV) and the beamformer in [24] (IPN-MEPS). The
angular sector O for the proposed method in (13) is defined as
[ék —3°, 0+ 3°], and the angular sector of the desired signal
is set to be O, [01 - 6° 91 + 6°] where the interference
angular sector is Ojp, = [—90°, 0, — 6°) U (91 + 6°,90°] and
the bound for the beamformer in [19] is set as € = v/0.1.
The degree interval is 0.9° in the simulations. In [17] (IPN-
SPSS), the reference angle is aig = 0° and the null broadening
parameter is A = sin~'(2/M). The energy percentage p is
set to 0.9 in IPN-SUB. The CVX toolbox is used to solve the
optimization problem in other methods [36].

A. Example 1: Exact signal steering vector is known

In this scenario, we examine the case when there is no
mismatch between the assumed steering vector and the true

one. The output SINR of the examined algorithms versus
the SNR for a given training data size of 30 is shown in
Fig. 3. Since results for all SNRs are not distinguishable, the
deviations from the optimal SINR are displayed in Fig. 4.
The performance of the proposed beamformer always achieves
close to optimal values for a wide SNR range and outperforms
the other beamformers. The output SINR of the IPN-SUB
method is degraded more when the input SNR is < —10
dB. Also, the IPN-SPSS method has the lowest output SINR
for all range of SNRs, since it is sensitive to the number
sensors. Fig. 5 depicts the output SINR of the tested methods
for fixed SNR=10 dB while the number of snapshots is
varied. Although the IPN-MEPS and IPN-CC beamformers
show a good performance, the performance of the proposed
beamformer is better than the other tested beamformers.

SINR (dB)
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—P— IPN-PSEUR
—O— IPN-MEPS
IPN-CC

—O— IPN-EST

—&—IPN-SUB
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SNR (dB)
Output SINR versus SNR for Example 1

Fig. 3.
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Deviation from optimal SINR versus SNR for Example 1

Fig. 4.

B. Example 2: Random signal look direction mismatch

In this scenario, we assume that the random direction
mismatch of the desired signal and interferences are subject
to uniform distribution in [—5°,5°] for each simulation run,
which means that the direction of the SOI is varied between
[5°,15°] and the directions of two interferences are changed
by [—55°, —45°] and [25°, 35°], respectively. Fig. 6 shows the
performance curves versus the input SNR while Fig. 7 depicts
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the deviation between optimum and the tested beamformers.
Fig. 6 shows that the proposed beamformer has an advantage
compared to the other tested beamformers in the case of signal
look-direction error at low and high SNRs. The performance
of the IPN-SUB is degraded in the presence of look direction
mismatch while the IPN-SV has good performance only
up to 0 dB. Moreover, the IPN-SPSS method mantains its
performance compared to the first scenario. The performance
of the beamformers as the number of snapshots NV increases,
is illustrated in Fig. 8. In this scenario, the IPN-MEPS and
IPN-CC methods demonstrate almost the same performance
while the proposed approach exhibits better performance in
the case of signal look direction errors.
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C. Example 3: Gain and phase perturbations error

In this example, gain and phase mismatches on the array is
described as

am () = (14 el (msindm=1+5m) (43)

where o, denotes zero-mean random amplitude error at the
mth sensor with a A/(0,0.05%) distribution, and £3,,, denotes
the zero-mean phase error with distribution A/(0, (0.0257)2).
The output SINR of the tested beamformers versus the SNR
for a fixed number of snapshots is represented in Fig. 9.
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In order to illustrate clear results, we exhibit the deviation
between the tested methods and the optimum SINR versus
the input SNR in Fig. 10.

From these results it can be seen that, although, the IPN-MEPS
and IPN-CC beamformers have effective performance against
gain and phase errors, the proposed method has the most stable
performance among the tested methods and almost reaches the
optimal SINR, which assumes perfect knowledge of the inter-
ference powers and the IPN covariance matrix. The IPN-SV
beamformer performance is degraded compared to the random
look direction mismatch example, since it is more sensitive
to gain and phase perturbations, while the performance of the
IPN-SPSS has improved. Meanwhile, Fig. 11 shows the stable
performance for all the tested beamformers when the number
of snapshots increased, and the proposed method has an output
SINR that is closer to that of the optimal one.

D. Example 4: Mismatch due to coherent local scattering

In the fourth scenario, the impact of the desired signal
steering vector mismatch due to coherent local scattering
on array output SINR is considered. In this example, the
presumed signal is a plane wave impinging from 6, = 10°,
whereas the actual spatial signature is formed by five signal
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paths as

4
a=a(f)+ ) e/*d(0:), (44)
i=1

where a(él) is the direct path and corresponds to the assumed
signal steering vector, and d(6;) represents the ith coherently
scattered path with the direction 6;, (i=1,2,3,4) which are ran-
domly distributed in a Gaussian distribution with mean 6, and
standard deviation 2°. Also, the parameters ¢; denote the path
phases which are drawn uniformly from the interval [0, 27]
in each simulation run. Note that 6; and ¢; (i=1,2,3,4) only
change from run to run while remaining fixed from snapshot
to snapshot. Assuming that the number of snapshots is fixed
at 30, the output SINR versus the input SNR is demonstrated
in Fig. 12 while the deviation of all algorithms versus the
optimal SINR is depicted in Fig. 13. It is evident that the
IPN-SUB beamformer is sensitive to low SNRs while the [PN-
CC and IPN-MEPS beamformers provide almost stable results.
The proposed IPN-PSEUR algorithm is closest to the optimal
output SINR among all algorithms.

VI. CONCLUSION

In this work, we proposed an effective adaptive beamform-
ing approach based on the IPN covariance matrix that utilizes
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power spectral estimation and the uncertainty region around
the IPN component. An efficient and adaptive method for
estimating the uncertainty region where the null interference
should be in every snapshot has been proposed. Furthermore, a
new method to estimate the power spectrum of the interference
and noise components was introduced, which is based on a
piecewise constant function with only two levels to shape
the directional response of the beamformer. Simulation results
show that the proposed PSEUR algorithm outperforms recently
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reported approaches.
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