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Abstract

In this work, we present an energy-efficient distributed learning framework using coarsely quantized signals for Internet of
Things (IoT) networks. In particular, we develop a distributed quantization-aware recursive least-squares (DQA-RLS) algorithm
that can learn parameters in an energy-efficient fashion using signals quantized with few bits while requiring a low computational
cost. Moreover, we develop a bias compensation strategy to further improve the performance of the proposed DQA-RLS algorithm.
We carry out a statistical analysis of the proposed DQA-RLS algorithm and derive analytical expressions for predicting the
mean-square deviation. A computational complexity evaluation and a study of the power consumption of the proposed and existing
techniques are then presented. Numerical results assess the DQA-RLS algorithm against existing techniques for a distributed
parameter estimation task in a scenario where IoT devices operate in peer-to-peer mode.

Index Terms

distributed learning, energy-efficient signal processing, adaptive algorithms, coarse quantization

I. INTRODUCTION

ISTRIBUTED signal processing algorithms are of great relevance for statistical inference in wireless networks and

applications such as wireless sensor networks (WSNs) [1], [2], the Internet of Things (IoT) [3], [4], distributed optimization
[5]-[7] and smart grid implementations [8], [9]. In fact, distributed signal processing techniques deal with the extraction of
information from data collected at nodes that are distributed over a geographical area. In this context, for each node a set
of neighbor nodes collects and processes their local information, and then transmits their estimates to a specific node. Upon
reception of the possibly noisy estimates, each specific node combines the collected information together with its local estimate
to generate improved estimates.

A. Prior and Related Work

Prior work on distributed signal processing techniques has studied protocols for exchanging information [10]-[12], adaptive
learning algorithms [13], the exploitation of sparse measurements [14], [15], topology adaptation [16], [17], and robust techniques
against interference and noise [18], [19]. Even though there have been many studies that evaluated the need for data exchange
and signaling among nodes as well as their computational complexity, prior work on energy-efficient techniques is rather limited.

In this context, energy-efficient signal processing techniques have gained a great deal of interest in the last decade or so due
to their ability to save energy and promote sustainable development of electronic systems and devices. Electronic devices often
exhibit a power consumption that is strongly dependent on the analog-to-digital converters (ADCs) and the number of bits used
to represent digital samples [20]. This is of central importance to devices that are battery-operated and to wireless networks
that must keep the power consumption to a low level for sustainability reasons. In particular, prior work on energy efficiency
has reported many contributions in signal processing for communications and electronic systems that operate with coarsely
quantized signals [21]-[24].

Among the methods to reduce the energy consumption of networks are: i) compression of the communication data between
neighbor nodes and ii) coarse quantization with ADCs of signals measured by sensors. Communication-efficiency techniques
enable IoT devices to reduce their energy consumption with data transmission and reduce the communication bandwidth, and
have been reported in adaptive networks [25]-[27]. On the other hand, IoT devices contain many sensors that allow them to
interact with the physical world, collecting and processing streaming data in real time. They integrate various sensors such as
temperature, humidity, accelerometer, gyroscope, magnetometer, altimeter, heart rate, light, microphone, camera, battery monitor,
infrared proximity, gas, ultraviolet and capacitive sensors. The total energy-consumption and cost of these sensors affect the
energy-consumption and the cost of IoT devices [28]. The type of sensor determines the accuracy of the analog interface and
the resolution of ADCs. The ADC resolution requirement varies greatly with the sensing application, ranging from 6 to 16
bits (see [28] Table 1). This emphasizes the importance of energy-efficient techniques that deal with the coarse quantization
of measurement data to enable IoT devices to work with the low energy-consumption sensors. To this end, a distributed
quantization-aware least-mean square (DQA-LMS) algorithm was proposed in [29], [30] to reduce the power consumption of
ADC:s in adaptive IoT networks in an energy-efficient framework.



B. Contributions

In this work, we present an energy-efficient distributed learning framework using coarsely quantized signals for Internet of
Things (IoT) networks. In particular, we develop a distributed quantization-aware recursive least-squares (DQA-RLS) algorithm
that can learn parameters in an energy-efficient fashion using signals quantized with few bits while requiring a low computational
cost. Moreover, we develop a closed-form bias compensation strategy to further improve the performance of the proposed
DQA-RLS algorithm. We then carry out a statistical analysis of the proposed DQA-RLS algorithm along with a computational
complexity and a power consumption evaluation of the proposed and existing techniques. Numerical results assess the DQA-RLS
algorithm against existing techniques for a distributed parameter estimation task in a scenario where IoT devices operate in
peer-to-peer mode.

The DQA-LMS has the simplicity and properties of LMS-type algorithms whereas the DQA-RLS algorithm has the fast
convergence property of RLS-type algorithms [31] even with high correlated inputs. Moreover, one can easily extend the
Quantization-Aware framework to other distributed adaptive algorithms inspired by the results obtained from DQA-LMS and
DQA-RLS algorithms. For instance, the dichotomous coordinate descent (DCD) algorithm [32], [33] and the partial-diffusion
recursive least-squares (PDRLS) algorithm [25] have been successfully used for significant reduction in the complexity and
communication cost of RLS algorithms, respectively, and can be incorporated in the quantization-aware framework presented
here to reduce the complexity, the communication cost and the power consumption together.

The main contributions of this work can be summarized as:

o The proposed DQA-RLS algorithm and a bias compensation strategy for processing signals quantized with few bits.

o An analysis of the DQA-RLS algorithm in terms of mean and mean-square performance, computational complexity and

power consumption is carried out.

« A simulation study of DQA-RLS, the bias compensation strategies and existing techniques along with a validation of the

theoretical expressions obtained in the analysis.

This paper is structured as follows: Section II introduces the signal model and states the problem. Section III details the
derivation of the proposed DQA-RLS algorithm. Section IV is devoted to the statistical analysis of the proposed DQA-RLS
algorithm, the bias compensation strategy along with their computational complexity and power consumption. Section V shows
and discusses the results of simulations, whereas Section VI draws the conclusions of this work. Throughout this paper, we
show the scalars, vectors and matrices with lowercase, boldface lowercase and boldface uppercase letters, respectively, and
adopt the notation in Table I.

TABLE I
NOTATION
T Transposition
()* Complex Conjugate (Hermitian) transpose

111 Euclidean norm of a vector

HXH2z = x*"Zx | Z-Weighted Euclidean norm of a column vector x

||yH2Z =yZy* Z-Weighted Euclidean norm of a row vector y
Tr(.) Trace of a matrix
® Kronecker product of two matrices
vec(Z) Vectorization operation of Z
col{...} Stacks its arguments column-wise
diag(Z) Creates a vector with the diagonal entries of Z

. Creates a diagonal matrix with the entries of a
diag{...}

vector or with the diagonal entries of a matrix

II. SIGNAL MODEL AND PROBLEM STATEMENT

In this section, we detail the signal model of the proposed adaptive distributed network with low-resolution ADCs. Furthermore,
we also state the problem and review the signal decomposition of coarsely quantized signals performed by Bussgang’s theorem,
which is central to signal processing with low-resolution ADCs.

A. Adaptive Distributed Network

We consider an IoT network consisting of N nodes or agents which run distributed signal processing techniques to perform
the desired tasks, as depicted in Fig. 1. The presented model considers a desired signal di (i) at time instant ¢ described by

dk(i):wak(i)Jrvk(i), k:].,?,...,N, (1)
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Fig. 1. A distributed adaptive IoT network

where w, € RM*1 is the parameter vector that the agents must estimate, x; (i) € RM*! is the regressor at node k, and vy, (7)
represents Gaussian noise with zero mean and variance 03’ . at each node k. We also adopt the Adapt-then-Combine (ATC)
diffusion rule because it has been shown a more effective scheme than other previously reported schemes such as incremental
and consensus protocols [10], [11].

As shown in Fig. 1, because the measurement data at each node and the unknown system are analog and each agent processes
the local data {dj(i), x(7)} digitally, we need two ADCs in each agent. Specifically, a digital signal is acquired from the
observation of an analog signal and the use of an ADC with b bits, which employs a scalar quantizer with the set of thresholds
To = {m1,72,...,Too_1 } and the set of labels £, = {lo,1,...,lo_; }. We summarize the key features of the proposed adaptive
distributed network of Fig. 1 as follows:

« The proposed adaptive network consists of N nodes which employ distributed signal processing techniques to perform a

desired task.

o Each node has two ADCs to quantize the received signals, i.e., the input regressors and the desired signals, and process
them digitally. Moreover, in the proposed bias compensation section, we show that if each node uses one ADC to quantize
both the input regressors and the desired signals can reduce the complexity of the proposed adaptive network. Note that
for complex data, one ADC must be used for the real part and one ADC for the imaginary part. However, for simplicity,
we carry out an analysis of the proposed DQA-RLS algorithm for real data.

« We assume that the analog signals arriving at the ADCs have been adjusted (e.g., by using automatic gain control (AGC))
to have approximately unit power, and that the fixed thresholds and labels of ADCs are calculated with the Lloyd-Max
algorithm for a Gaussian signal with zero-mean and unit variance. We show in the numerical results that even imperfect
gain control at the analog inputs will not degrade the performance of the proposed algorithms that are based on fixed
thresholds and labels.

« Nodes do not have access to the variance of the quantization distortion. Therefore, we estimate the quantization distortion
variance alongside the designed thresholds and labels to use this estimation later in the proposed algorithms.

One concern is that as the number of agents increases, the energy consumption might grow substantially when using high-
resolution ADCs for each agent. This motivates us to quantize signals using few bits. Therefore, the problem we are interested
in solving in this work is how to design energy-efficient distributed learning algorithms that can cost-effectively operate with
coarsely quantized signals.

B. Signal Decomposition with Coarse Quantization

In order to provide a clear exposition, we provide a short overview of Bussgang’s theorem, which allows one to deal with
nonlinearities like the distortion generated by ADCs.

Theorem 1: Given two Gaussian signals, the cross-correlation function taken after a signal has undergone nonlinear amplitude
distortion is identical (except for a scaling factor) to the cross-correlation function taken before the distortion [34], [35]. Specifically,
according to Bussgang’s theorem, for a pair of zero-mean jointly complex Gaussian random variables z (i) ~ CAN (0, ai(i)) and
x(n) ~ CN (0, Ui(n))’ and for the output z¢ (i) of some scalar-valued nonlinear function z¢ (i) = f(x(i)), where f(-) : C — C,
it holds that



in which
g(n) = ——Eum) [f(2(n))z* (n)]. 3)

Let us consider now that the previously mentioned nonlinear function f(-) can be applied element-wise to a zero-mean
complex Gaussian random vector x(i) = [z(1),z(2),...,z(M)] ~ CN(0, R,) where R, € CM*M is the covariance matrix
of x, resulting in a vector xg, i.e.,

xq = f(x)- )
It follows from (2) that
R.,. = GR, 5)
where
G =diag {g1,92.-..,9m} (6)

represents a diagonal M x M matrix whose mth diagonal entry is computed as in (3). Bussgang’s theorem can be used to
decompose the output of a nonlinear device as a linear function of the input x plus a distortion q € CM that is uncorrelated
(but not independent) with the input as [34]

xg =Gx+q @)

The referred uncorrelation can be viewed as follows
E[qx*] = E[(XQ - Gx)x*]

®)
= RmQx —GR; = 0pxm

where we made use of (5).

To use this result in the distributed adaptive network in Fig. 1, let x; ¢ = Qy(xy) denote the b-bit quantized output of an
ADC at node k, described by a set of 2° 4 1 thresholds T, = {79, 71, ..., To» }, such that —oo0 = 79 < 71 < ... < Ty = 00, and
the set of 2° labels Ly, = {lo, 1, ..., lyo_1 } where I, € (), Tp11], for p € [0,2° — 1] [21]. Let us assume that x;, ~ CN'(0, R,)
where R, € CMxM g the covariance matrix of xj. We have thus a relation between Xk, and x;, in the form of (4), with
the quantization function @Q;(-) playing the part of the scalar-valued nonlinear function f(-) in (4). We now use (7) to derive a
model for the quantized vector x; g, which we later use to derive our DQA-RLS algorithm. Employing Bussgang’s theorem,
Xy, can be decomposed as

Xk,Q = Gr Xk + da ks &)
where the distortion q j is uncorrelated with x, and Gy, € RMXM g g diagonal matrix given by [21]

2v—1

I | exp (— 72 dia -1
S o (s R )

N|=

Gk,b = diag {Rzk }_
(10)

—exp (=72, diag {Ry, } )|

where the index b indicates the number of bits (ADC resolution). Since Gy, ; is a real-valued diagonal matrix, Gkhf p = Grp.
Note that, as a simplifying approximation, we also apply this signal decomposition to the desired signal, dj g, which is the
output of the second ADC in the system, and for the particular case that R,, = E[xx}] = ai’ o Inr, the matrix Gy, becomes
gx.pInr and gr p € R is given by

2 2
l 7 _ T4
j 3

'ﬂ(e_%k —e "), (11)

S

1 2b—1

Gkb = 5 >

Oy, =0

To compute Gy, p, three parameters are needed, namely the set of thresholds 7y, the set of labels £; and the covariance matrix
of the input signal R, . The thresholds and labels are designed for the ADCs and are available at the nodes. However, the
nodes have access to R, ¢ instead of R, . To overcome this, we can estimate the variance of the distortion, i.e., 82 . (@s

this variance is not accessible in practice) and the covariance matrix of the input signal, R, = R,, o + 33 xIar. In the next
section, we show how to design the ADCs and estimate the variance of the distortion.



C. Design of ADCs

In this section, we show how to compute the thresholds and labels to design the ADCs. To minimize the mean square
error (MSE) between x;, and X g, we need to characterize the probability density function (PDF) of x, to find the optimal
quantization labels. Because choosing these labels based on such PDF is ineffective in practice (since the PDFs are difficult to
estimate), we assume the regressor xx(¢) is Gaussian, then adapt the approach in [21] and compute the thresholds and labels as
follows:

1) We generate an auxiliary Gaussian random variable x,, with unit variance and then use the Lloyd-Max algorithm [36],
[37] to find a set of thresholds 7, = {7,...,79s_;} and labels £, = {ly,...,los_;} that minimize the MSE between
the unquantized and the quantized signals. _

2) We wrap up the set of thresholds 7, by adding 79 = —oo and 791 = oo to Tp.

3) We quantize x,x using 7, and L4, generate the quantized signal x.ux g, and estimate the variance of the distortion, 03’ &
with the subtraction of the variance of the quantized auxiliary signal from the variance of the auxiliary signal as follows

ol =02, — 02 (12)

Laux Taux,Q *

4) We estimate the covariance matrix of the distortion as follows
) ~2
Ry, .« ZO'q’kIM. (13)

Note that step 1 designs the ADC thresholds and labels, step 2 completes the thresholds needed for (10), and steps 3 and 4 are
useful to estimate R, .

III. PROPOSED DQA-RLS ALGORITHM

In this section, we present the derivation of the proposed DQA-RLS algorithm. We consider xx(¢) and di(t) as the (band-
limited before sampling) analog input and output of the unknown system w, at node k. Let x4 (¢) and dj () denote the digital
versions of xy(t) and dj(¢), and xi, ¢(7) and dj (i) denote the coarsely quantized versions of x; (i) and dy(7), respectively.
We assume that the input signal at each node is Gaussian with zero mean and covariance matrix R,, for k =1,2,..., N. We
can now decompose x g (%) and dy () as

xk,0 (1) = GrpXp (1) + Qa i (0), (14)

and
di,@ (1) = Q(di (1)) = gupdr (1) + qa,k(7)

15
= grpWoxr (1) + qr(9), (1)

where G () = grpVk(i) + ga,k(2) is uncorrelated with x(¢). Note that Gy, and g are built based on xj(¢) and d (%),
respectively.

We show next that a learning algorithm based directly on (15) is biased for estimating w,, and show how to correct for this bias.
To this end, let 3, ,(7) be an M x M bias-compensation matrix to be computed and define dy,(i) = wj (i — 1)By, (7)xx,q (7).
Thus, the error is given by

er(1) = diq(i) — di(i)
= di,q(i) — Wi(i = 1)By ()X, (0).

As seen in (16), é(¢) is different from ey (i) = dj (i) — wi(i — 1)x(¢) in the diffusion RLS (DRLS) [12].

Let us consider a network of N nodes distributed over an area as in Fig. 1. At time ¢, we globally collect the quantized
input regressors into a matrix X; g, the quantized desired signal into vector d; g, the noise samples into vector v;, and the
bias-compensation coefficients into the matrix 3, , over all nodes as follows:

(16)

X0 = bdiag{x1.¢(i),...,xn0(#)} (MN x N)
d; g = col{di g(i),...,dn (1)} (N x1) an
v; = col{vi(7),...,on (i)} (N x1)
Bip = [B1(0), -, Bnp(0)] (M x MN).

We can write down the covariance matrix of the noise vector as follows

R, = E[v,v}] = diag{o? ,...,02 (N x N). (18)

vy PV UN



Now we collect these data from time 0 to time % as follows
X, g =bdiag{X; q,...,X0,0} (MN(E+1)x N(i+1)),
dig=col{dq,...,doo}  (1xN(@i+1)),
v; = col{vy,...,vo}T (I x N(i+1)),
By =By Boy (M x MN(i+1)),
where R, ; = E[vfv;]. Note that for the globally collected quantities we denote time by a subscript, whereas for node-wise

quantities we denote time by parenthesis. Then, we estimate the M x 1 vector w, by solving the weighted regularized
least-squares problem given by

19)

H\lni/n {HW — WH?‘L + HdixQ — W*BivainH;J’ (20)

where W is a given column vector, usually w = 0, II; > 0is an M x M positive-definite matrix that incorporates a regularization
term ||w — W||f;, into the least-squares problem, and X; > 0 is an N (i + 1) x N (i + 1) Hermitian positive-definite matrix that
incorporates weighting into the least-squares problem. The regularization and weighting matrices are given as follows

II, = NPT and 3, = A, (1)

where 0 < A\ < 1, IT = § I, with § > 0 as a positive constant, and A; = bdiag{Ix, My, ..., NIy }. Note that 3; = R;%Ai
and since the noise variances are often unknown, we choose the weighting matrix as in (21).
We can rewrite (20) in the equivalent form

min [(w — W) IL(w — W) + (dig — W B, X1.0)

" (22)
Ei(di’Q — W*Bi,in7Q)*:|
To solve (22), we reduce it to the standard least-squares form by introducing the eigendecompositions of II; as follows
II, = ¥, A, 97, (23)

where A; is diagonal with positive entries, and unitary, i.e., it satisfies ¥; ¥* = ¥*W¥; = I,,. Let A; /2 denote the diagonal
matrix whose entries are equal to the positive square roots of the entries of A;, and define the change of variables

a2d oA’ and L2 B, X oA (24)
Using (24), we can rewrite (22) as follows
Ir‘lhi,n [(w — W) IL(w — W) + [a — w*L||?]. (25)
Defining the change of variables
ZEwW-W and £a—-wL, (26)
we can rewrite (25) as follows
min [z°IL;z + ||f — z"L|?]. (27)

Let A}/ ? denote the diagonal matrix whose entries are equal to the positive square roots of the entries of A;. Then using the

eigendecomposition in (23), we can write the equivalent form of (27) as follows

2
) (28)

mzin U‘ [0 f] -z [\IJ;‘A;/Q L}

which is a form of the standard least-squares

win [y ws. )

in which the roles of y and H are played by [O f] and {\IJZ‘AJ/ 2 L}, respectively. All solutions w to the least-squares
problem (29) are characterized as solutions to the linear system of equations

wHH* = yH". (30)

We replace y and H with [0 f] and {\IJ;!‘AZV 2 L} in (30) to form the solutions Z to (27) as follows

3

(o -2 [w;a 1])[w:al” 1] =0 31



Using Z = w — w and (26) in (31), we can write the solution w to (27) in a system of equations as follows
(w —w)"[II; + LL*] = (a — W*'L)L", (32)
or in an equivalent form the solution w(7) is given by
w(i) =W+ [II; + LL*] 'L(a — w*L)*. (33)
Using (24), the solution w(%) to the weighted regularized least-squares (20) is given by
w(i) =W+(IL; + B; v X, 0% X[ oB,) 34
B, X 0Xi(dig —W'B; 1, X, )"

To simplify, we use (21), assume the given column vector w = 0, and write an exponentially weighted version of (34) as
follows

w(i) = NI+ B, X oA X0 * B;b)‘l

« (35)
Bi,in,QAidi’Q'
To form the recursions, we introduce P; as follows
P; = (NI + B, X oA X oB;,) (36)
and write down (35) as follows
W(Z) = PiBi,in,QAisz- 37N

We then reformulate the global least-squares solution in (37) as a local least-squares solution where nodes have access to
limited data from their neighbors in the diffusion scheme [12]. In this scheme, nodes update their local intermediate estimates
hy (i) following (37) which yields

hy (i) = P (i) By (1) X &, (1) Ak (1)}, o (4), (38)
where
Pp(i) = AT+ By (i) X 1, (i) Ak (1) X5 o (1) B, ()

and X, o(4), di. (i), and By, (i) are the collected quantities from time 0 to time ¢ at node k.
At the combination step, the nodes communicate their local intermediate estimates with their neighbors and provide a
combined estimate wy, (i) as follows

wi(i) = Y apphi(i), (39)
leEN

where N is the neighborhood of node % (possibly including itself) and the combination coefficients, a; x, of neighbor nodes
on node k are chosen such that

al7k:0ifl¢Nk,al,k >Oifl€/\/k, and Z aLk:l. 40)
IGNk

To form the recursion, we compute Py (i) from Py (i — 1) as follows
P (i) = ANTI+ By (i — 1) X j,0(i — 1)Ag(i — 1)
X0 = 1)Bp (i = 1)] + By ()%, (1) %% ()8 5 (4) (41
= APzZl(i = 1) + By (1)xk,(1)x, (1) By (4)-
Using the matrix inversion lemma
(A+BCD) ' =A"' - A'B(C' +DA'B)"'DA™,
and the assignments
A« )‘Plzl(i)v B« ﬂk,b(i)xk,Q(i)v
C 1, D G o(0)Brp(2),

we obtain the recursion for updating Py (i) given by

P.(i)=)\""! (Pk(i —1)—

ATIPL(1 = 1By, (1) %1, (1)%, o (1) B 4 (1) Pr(i — 1)
L+ A71xg o ()8 (1) Pr(i — 1) By (1)xk,0(2) '

(42)




To form the recursion for hy (i), we rewrite (38) as follows

hy.(i) = P.(i) _Bk,b(z’ — 1) Xkoli — DG — 1)

4 oi— 1) + B (i)xeqi >dk,Q<z'>}
(43)

= Pk(’t) P]€ (7, - 1)Pk(2 - 1)B;€7b(i - 1)X}€,Q(i - 1)

AL — Vi i — 1)+ By (i)xr.0(i >d;;,Q<z'>]

From (41), we have P, '(i — 1) = /\_1(P,;1(z) Brep(1)%k,Q(1)x, o (i i)Bj(i)). Then considering hy (i — 1) = Py(i —
)Bpp(i — 1) X p,q(i — 1)Ag(i — 1)dj o(i — 1) from (38) and the fact that Py is a symmetric matrix, we can write (43) as
follows

hy (i) = Py(i)P; (i = DAhy (i — 1)
+ Pk( VB (1)xk,q (1) dj; o (7)
=hy(i — 1) = Pr(8)By (1)%r,0(1)x} ¢ (1) B 5 () he (i — 1)
+ P (i) By p(1)xk,q (1) d), o (7 )
= hy(i = 1) + Pr(0)By 5 (D)xk,0(2)
(.o (1) — x5 (D)8 (1) i (i — 1)).
Note that with diffusion, at time instant ¢, each node uses its combined estimate wy (¢ — 1) instead of intermediate estimate

hy (i — 1) to update hy (7). This allows the combined estimates diffuse into the network. We then update hy () as follows
hy.(i) = wi(i = 1) + Pr(i) By, (1) %k, (1) (0), (45)

(44)

where
er(i) = dr,q(i) — Wi (i — 1)By 3 ()%k,Q (i) (46)

The next section shows how the bias compensation 3, (i) should be chosen such that (39) is asymptotically unbiased in the
mean.

IV. ANALYSIS AND B1IAS COMPENSATION

In this section, we present a statistical analysis of the proposed DQA-RLS algorithm that focuses on the mean and mean-square
performances. In addition, we devise a bias compensation strategy and investigate the computational complexity and the power
consumption of the proposed and existing algorithms.

A. Assumptions and Definitions

Combining (21) with (41), we can write P;l(i) as follows:
P (i) =P (i— 1)+ Brep(1)%1,Q ()% o (1) B 5 (1)

= NP4 Y N8, 4 (7)%k,0 ()%, () B ()-

Jj=0

(47)

We aim to evaluate the mean behavior of the matrix P (7). Choosing 0 < A < 1, as ¢ — oo, the steady-state mean value of
P, ' (i) is given by

lim E[P L)) =
1——+00
(48)
- [ﬂk p(J )Xk Q( )X}, Q( )5k »(9)]-
In order to simplify the analysis, we use the definition
w,(5) £ By (7)xr,0(7), (49)
that leads to the following expression for (48):
R, -
lim E[P;'(i)] = —~ £ P; " (50)

i—+o0o 1—X



TABLE 11
PSEUDO CODE FOR THE DQA-RLS ALGORITHM

Initialization:

Generate 7, and L,

Compute 5, ;, from (12)

07,.0(—1) =0, wi(—=1) =0 and Py(-1) =IT""
I<y<land 0K A< 1

At each time instant ¢ and node k
Receive data
dk, (1)
x,q(1) = [wr,Q(1) 2rq(i — 1), ..., 2e,i = M +1)]"
Repeat
52,.0(0) =182, o (i — 1) + (1 - y)law.q)?
52,() = 32, (i) + 5%

2b_1 77 — 72]'.+1
(') Gz, (1)
Gay,,b( /7A Z —e Tk
ks 3k(l

Vet e
Brb(i) = §3k7b(i)33,k(i)+og7k

ek (1) = di,q (1) — wi(i — 1)Br.b(1)xk,q(7)
Pu(i) = i(Pk(z‘ —1)-

Py (i — 1)Br,b(1)xk,q (1)Xk,q (1) Br,b () Pr (i — 1)
A+ x5 o (0)Brb (1) Pr(i = 1)Br.b (i) xk,q (4)
hy(4) = wi (i — 1) + Pr (i) Br,b(1)xk,0 (1) €5 (2)
wi(i) = > arhu(i)

LEN},

where R, = E[ﬁk b (7)%k,0(7)x], Q( )ﬁk b(J)]-
To start the analys1s we need to introduce some assumptions similar to those often used in the analysis of adaptive algorithms

in the literature. Simulation results show that the results obtained under the following assumptions correspond well with real
performance of the DQA-RLS algorithm, for stationary data and for a forgetting factor close to unity.

Assumption 1: The input regressors xj (i) are zero-mean with covariance matrices R, = E[xk( )x;:(¢)] and temporally
independent. This assumption also applies to the additive noise sequences vy (i) with variance O’v i and the quantized regressors
Xk, (i) with covariance matrices R, ¢ = E[x,q(i)x o(i)]. Moreover, covariance matrices are time-invariant and all data is
assumed spatially independent.

Assumption 2: The matrix P (i) varies slowly in relation to W (i) and wy (7). Thus, when they appear inside the expectations
we decouple their expected values [38], [39]. Note that this a common assumption for the performance analysis of RLS-type
algorithms for A close to unity. This also applies to Gy, since (10) is based on the statistics of x(3).

Assumption 3: There is an iteration number ¢ such that for all i > 4, the time-averaged matrices Py, (i) and P (i) can be

replaced by their expected values, E[Py(i)] and E[P; ' (i)]. Note that such replacements are commonly used in the performance
analysis of RLS-type algorithms, see [12], [18], [25], [31], i.e.,
E[Py(i)] = Py, and E[P, ' (i)] ~ P} " 51

To analyze the mean and mean-square performance of DQA-RLS, we use the weight-error vectors
Wie(i) = wo — wi (i), and hy (i) = wo — hy(3). (52)

The performance of bias-compensated-type adaptive filters is usually compared in terms of the mean-square deviation (MSD)
[19], defined by
MSDy 2 lim E[|We(0)|*] = B[ Tr (u(0)%; (1)) (53)



We define the N x N matrix A = [a; ], and the following matrices:
A=Ay (MN x MN)

W, :col{vVl(i),..-,VNVNm} (MN x1). Y

B. Mean Performance Analysis
Using the decomposition model in (14), we can rewrite the error in (16) as follows
er(i) = di,@(i) — wi(i — 1)By, 5 ()%, (1)
= GrsWoXk (1) + (i) — wi(i — 1)y, 4 (4)
(Grpxi (i) + da, () (55)
= Ik pWoXp (i) = Wi (i — 1)By (1) GrpXk (4)
= Wi (i = 1)B (1) e,k () + Gi (7).
Combining (55) with (45) and subtracting from w, yields

(i) = W (i = 1) = P(i)B (1) (G i) + i)
(X1 (0)gh4wo — X7.(3) G By () wi(i — 1)

— a1 (0)B1p ()Wa(i = 1)+ Gi(0))
=Wy (i — 1) + Py(i)By, 4 (1) Grpxx (i)

X (1) Gre,p B p (D)W (i — 1)
i), b( )k (4) k( )ﬁk p(D)Wi (i — 1) (56)
—Py(i 5 b (1) G pXk (1) (1) gk b Wo
) (1) k()8 (D)W (i — 1)
)G, bxk( )@ (4)
+ Pr() B p (1)ae,1 (1) %, (1) G, o B p () Wi (i — 1)
— Pr(1) By 5 (), k(1) % (1) g6 Wo
= P(1)By,p (1) da 1 (1) G5 (7).

The errors g, qz 1, and the regressors x;, are assumed statistically independent, so that the expectation of the cross terms
vanishes. Taking the expectation from the remaining terms in (56), we obtain

B[] = B[ 1)) + [ Pu()Bisli) (Grm 0

XL ()G + k(0 0)) B 0) [ Efows i~ 1) 7

— E[Py(i)By (1) Grpxk (1)X5 (1) gk b | Wo.
Let us define two M x M matrices that include terms multiplied by wy (i — 1) and w, in (57) as follows:
O (i) £ Py (1) By (1) (Grpxr (1), (1) G
+ a0 1 (1)) B (7) (58)
(1) 2 P (i) By, (1) G X (1) X5 (1) g -
We show next that a necessary but not sufficient condition to have an asymptotically unbiased solution in the mean is that
E[©(i)] = E[Tk(9)], (59)

and we show in the next section that this condition is possible by appropriately choosing 3 »(%). Assuming (59), we can write
(57) as follows

E[hy(i)] = E[Wi(i — 1)] — E[©,()]E[%4(i — 1)]. (60)
From (47) and (50), we can verify that for sufficiently large ¢ under Assumption 3, we have

E[@y(i)] =1— A\ (61)



We now apply the weight-error vectors to the combined estimates (39) and obtain

i) = Z ar kb (i), (62)
1eEN}
and taking the expectation from both sides of it and using (60) and (61), we arrive at
E[we(i)] = > a1 = NE[We(i — 1)]. (63)
1ENE
For the global estimates and ¢ > 7o, we have
E[W,] = (1 = \)AE[W,_ ;] = (1 — \)""" AE[W, . (64)

Observing (64) and recalling that the spectral radius of A (i.e., the largest eigenvalue in modulus) is equal to one [40], we can
state that for sufficiently large ip (or equivalently in adaptive filtering, when the algorithm reaches the steady-state), assuming
W,, is element-wise bounded by some finite constant and regarding (40), for 0 << A < 1, the term on the right-hand side of
(64) converges to zero and DQA-RLS is asymptotically unbiased in the mean.

C. Proposed Bias Compensation

In this section, we derive an expression for the bias compensation term 3, (i) such that (59) is true and (39) is asymptotically
unbiased in the mean. From (58) and (59), we must have

E[Pr(0)8y. (1) (G (1) (1) G
+ k(i) (1) B ()] (65)
= E[P1 (DB () Graxi ()i (1910

Under Assumptions 2 and 3, we can write (65) as follows

<Gk B [x5 (1)x5 (1) Gy
+E[qx e()as ()] ) Bi.s () (66)
= Gy E [Xk(i)xz(i)]gk,b-
Therefore, the bias compensation term is expressed by
-1
Bip(i) = By = grpRa, G (Gk7bkaGk,b + wa,k) ; (67)

which needs an M x M matrix inversion at each time instant i if x; () are nonstationary and, moreover, we realize 3, ;, € RM*M

is time-invariant for stationary inputs. In what follows, we show how to compute the bias compensation term to reduce the
complexity of our proposed algorithm.

Remark 1: (Stationary data). When the input regressors x; (i) are wide-sense stationary, we use R,, = E[x;(i)x} ()] =
O'LkIM and the matrix Gy, ; reduces to g, sl with gz, ; estimated as follows

2°-1 3 i
~ 32
grk,b( ) \/0.27 Z ( (%) —e mk<)>7 (68)
Tk

/\2 . . . . . . .
where 07, (i) is an instantaneous approximation to O’L  given by the following recursions:

72001 =705, ol = 1) + (1= V)]rg @),

PN N~ (69)
Uik (Z) = gikQ(Z) + U§’k7
where Egk’Q(—l) =0and 0 < vy <1 and Eik is given by (12). Therefore, the bias compensation term is given by
. Gy b (1) kb (1)0 ; (i)
B (i) = Bep()In = - Ins. (70)

gmkb() ()"’qu

Remark 2: (One ADC for each node). To reduce the complexity of our algorithm, we design only one ADC to quantize both
the input regressors and desired signals. This also covers the network with nodes in which the two ADCs use the same set of
thresholds and the same set of labels. Then g,, , and gi, can be considered equal and the bias compensation term is given by

9z,.5(1)77, (1)
9z,0(1)52, (1) + 77

Bip(i) = In. (71)



This is the simple version of the bias compensation term that we use in the proposed DQA-RLS algorithm which is detailed
in table II, and as we show in the simulation results, its MSD performance is better than that of the DRLS algorithm with
coarsely quantized signals even for colored inputs and imperfect gain control (o2 L 7 D.

D. Mean-Square Performance Analysis

In this section, we carry out a mean-square performance analysis and discuss the steady-state behavior of the DQA-RLS
algorithm. We first write (56) as

by (i) = Py (i) P, (i)W (i — 1)
— P (4) B pxk,@ (1) d}, o (7) (72)
+ Pr(1) By pxk,0 (1)x}, Q(Z)ﬁgbwk(i —1).
Using (47), we obtain
Biei) = Pa()AP; (i — Dwa(i — 1)
— Pr(i) By vk, (i) dy ¢ (1)
+ Pk(i)ﬁk,bxk,Q(i)XZ,Q(i)ﬁf,b

(m(i — 1)+ wili — 1)) 73
= Aw(i — 1) = Pr(i)By pxr,0(1)d o (1)
+ P () By xn.0(1)%5, 0 (1) Biy Wo-
We now use (14) and (15) to write (73) as follows
hy (i) = AWy (i — 1)
— P(1) By, Gr,pXn (1) %5 (1) gr s Wo
= Pi(i)Br5 Grepx (1) G5 (i) (74)

(
= Py()By p 9,k ()% (1) gr,6Wo
= Pr(0)By 1%k (1) G (7)
+ Pr(i) By pXk,q (1) x5 ¢ (i )5£,bwo~
In order to simplify this expression, we assume that the choice of 3, ;, in (67) is such that the instantaneous values in the

second and sixth terms on the RHS of (74) are equal with different signs and vanish for sufficiently large <. Therefore, the
weight-error vectors of the combined estimates in (62) are given by

=A Z apxwi(i —1)

lEN
- Z a kP18, Gupxi (4)q (4)
lENG (75)
- Z arkPiBy p Qa1 (1) %] (1) 91,6Wo
LEN
- Z ar kP18 59,1 (4) 4 (2)-
LEN;
Let us now define
’P:bdiag{Pl,...,PN} (MN x MN)
By, = bdiag {8, 4,---,8ns} (MN x MN)
gb:bdiag{GLb,...,GN,b} (MNXMN)
Y; = bdiag {qz 1(0)x7(0), ...,
QN (1)% N()} (MN x MN)
& = col{xl(i q(@),..., (z)} (MN x 1)
¢ = col {aui ()@ (i), .., N< )@k} (MN x 1)
n:col{gl}bwo,...,gN’bwo} (MN x 1),

and write W; in a more compact form as

W, = \AW,_, — APBGiE, — APB,Yin — APB(,.



Taking the expectation of \7\7}\7\7;*, we obtain
E[W;W;] = NE[AW,_ W} _ A7]
+E[APBGE G, B PTAT],
+E[APB,Y nn* X B P*AT],
+E[APB, (B P AT
+ E[APB,Gi&im Y B[ P AT, 6
+E[APB,Yn¢ G B P*A"],
+E[APB,GE ¢ B P AT,
+E[APB,(£ G B P*A"]
+E[APB,Yn¢; Bl P* AT,
+E[APB,n Y B. P*AT].
We now use the commutative property of the expectation and vectorization operations, and the relationship between the
vectorization operation and the Kronecker product, vec(ABC) = (CT @ A)vec(B), to write (76) as follows

vec(Q;) = M (A ® A) vec(Q;_1) + vec(E;), (77)

where 2; = E[WZW;“] and E,; denotes the summation of the second term to the last one on the RHS of (76). Note that
vec(£2;) is stable if and only if the spectral radius of A\?(.A ® .A) is strictly smaller than 1 or |A\| < 1. Therefore, we obtain

lim vec(Q;) = (Tyenz — A2 (A®A)) 7 vee(B o). (78)

1—+4o00
For sufficiently large i, taking into account Assumption 3 and (50), we have
-1
Pp=(1-N)[BrsRaraBrs]
thus vec(E ) is given by

vec(Eio) = lim vec(E;) = (1 -V (A®.A)

1——400
ve (B;%x; (90E[€.£1)G1 +E[Timm* Y]]
+E[C,C] + GE[Em Y]] + E[Timg!] 6]
+GE[¢¢] + E[¢£7]6) +E[Tin]]
+E[Cn Y]] )R, 1B, 1) 7
~(1-)*(A®A)
vec (Bb—lR;; e

+E[Ymm Y]] +E[QCZ‘])R;§351)7
where under Assumptions 2 and 3, the expectations of the cross-terms vanish and
RzQ = bdiag {Rth, . ,RﬁN,Q}
E[¢,£]] = bdiag {Re,07,,...,Rayon, }
E[Yinn*Y;] = bdiag {97 ,Rq, 1 (WiR, Wo), . . ., (80)
g?v,qum,N (WszNWO)}
E[¢i¢7] = bdiag {Ry, 107, .., Ry, n07, }-

The analytical computation of Ry, o, Rg, %, and a(?k is detailed in the Appendix.



Therefore, the steady-state MSD at node k is given by
MSD = ligrn E[||[w(i)[|?] = vec” (Cj ® Ins) vec(io0)
1—>+00

1

(1= A)?vec” (Cp @ In) (Tnenz — N (AR A)) ™

(A® A)vec (B;lf/zwl (ng [e.€i]90 o

+E[Yinm Y]] +IE[<7;C7})R$Q131?1)»

where Cy, is an N x N matrix with zero entries and a unity on its kth diagonal entry that selects the part of Win corresponding
to the kth node. It can be seen from (77) that, for 0 < A < 1 and A with the entries a;  subject to (40), the eigenvalues of
MA@ A remain in the interval (—1,1), and thus DQA-RLS is stable in the mean-square sense and (Iy;2n2 — A2(A® A))
in (81) is nonsingular. The global MSD over all the nodes is given by

N

MSDgiobal = % kzl MSD;, = %Tr(ﬂm). (82)

Remark 3: (High precision signals, b = co). Increasing the number of quantization bits, the diagonal entries of Gy, ; approach

unity where for high precision signals (b = oco) with x;, o = xj, we have Gy = Iy according to (10) and R, = 0

according to (14), and consequently ﬁk,b(i) = I from (71). For b = oo we also have ¢4, = 0 and g;, = 1, and since

@r(i) = grpvx(1) + qak(i), thus of = o . Therefore, for high precision signals, the third and fourth definitions in (80)
vanish, and (81) reduces to

MSDy, = (1 — )2 vec” (C;C ® IM)
(Tyene — A2 (A®.4)  (A®.A) (83)
vec (bdiag {R;llaah e ,R;}iag’N ),

which is equal to the theoretical MSD of the standard DRLS. So, as we expected, the MSD performance of DQA-RLS becomes
closer to that of the standard DRLS with the increase of the resolution of ADCs.

E. Complexity and Power Consumption

Table III shows the computational complexity of the DQA-RLS algorithm in terms of the number of multiplications and
additions at node k per time instant, where ny is the number of neighbor nodes connected to node k. At each time instant,
DQA-RLS performs a few more operations (O (M +2%)) than DRLS, which does not change much the computational complexity
that is in the order of O(M?). Fig. 2a shows a comparison of the computational complexity of the DQA-RLS and DRLS
algorithms for different filter lengths in terms of the number of multiplications/divisions and additions/subtractions assuming
ni = 3 in average for each node k. As we can see, by increasing the filter length the number of operations will increase
while the computational complexity of DQA-RLS still remains close to that of DRLS. For instance, for M = 32 in Fig. 2a,
DQA-RLS with low-resolution quantized signals adds 1% extra multiplications/divisions to DRLS with full resolution signals
while the number of additions/subtractions operated by DQA-RLS remains very close to that of DRLS. Note that we compute
gk, online since this is more appropriate for non-stationary input data. However, one can compute Gy, offline if an estimate
of R;, in (10) is available.

However, the extra complexity in DQA-RLS allows the system to work in an energy-efficient way and enables the algorithm
to be robust against variations and imprecise knowledge of R,,. In order to assess the power savings by low-resolution
quantization, let us consider a network with N nodes in which each node uses two ADCs. The power consumption of each
ADC is Papc(b) = ¢B2% [41], where B is the bandwidth (related to the sampling rate), b is the number of quantization bits
of the ADC, and c is the power consumption per conversion step. Therefore, the total power consumption of the ADCs in the
network is

Papcor(b) =2NeB2®  (watts). (84)

Fig. 2b shows an example of the total power consumption of ADCs in a narrowband IoT (NB-IoT) network running diffusion
adaptation consisting of 20 nodes with bandwidth B = 200 kHz [42] and considering the power consumption per conversion
step of each ADC, ¢ = 494 {J, as in [43].



TABLE III
COMPUTATIONAL COMPLEXITY PER TIME INSTANT

Task +— = exp
o2 0@ =702 o —1)+ 1 —7)zre)? 2 0 0
oz, () =032 o(i)+52, 1 0 0
L 2= ’Aﬁ(') *jﬁl')
i) = Y (e Ta ) _ g 75,0 2b 1 2b+1 41 2041 | 2°
s = ot 2 U )
2] N2 -
N AOLNC)
Br,p(i) = 2, (052, (D+a2, 1 2 1 0
ék(l) = dk.yQ(i) — WZ(’L — 1)ﬁk1b(i)xk’Q(i) 4M AM + 2 0 0
N . Py (i—1)B,p ()%, Q ()%} o (0)Br,p ()P (i—1) 9 2
Pi(0) = 3 (Pxli — 1) — 5o 0, (0Pw (- D g@Pre ) | SMZ+2M —1 | 10M> +6M 42 | 1 0
wi(i) = > agh(3) 2n M dng M 0 0
LEN},
Total (DQA-RLS at node k) 8M2+2°+2 | 10M2 4 26T 4 2043 | 20
(2n, +10)M | (4nj +14)M + 13
Total (DRLS [12] at node k) 8M?2 — 1+ 10M2+ 1 0
(2ng, + 10)M (4ny, + 14)M
o [~=Papcr in a network with 20 nodes|
Top length () Y bCRedwe
(a) (b)

Fig. 2. (a) Number of operations per node versus the filter length for ny = 3. and (b) Power consumption of the ADCs in an adaptive IoT network.

V. SIMULATION RESULTS

In this section, we assess the estimation performance of DQA-RLS for a system identification setup in a network with
N = 10 nodes. The impulse response of the unknown system has M = 8 taps, is generated randomly and normalized to one.
We design the ADCs for all nodes with a set of thresholds T, = {71,...,79_1} and labels £, = {lo,...,los_1} using the
Lloyd-Max algorithm [36], [37]. The input signals x(¢) at each node are chosen as Gaussian i.i.d. with a covariance matrix
R,, = Uy diag{s;} U} where Uy is an M x M random unitary matrix and sy is an M x 1 vector with random entries
between 0.5 and 1. The noise samples of each node are drawn from a zero mean white Gaussian process with variance o2 .

The input regressors and desired signals are quantized with ’7~f, and L; to generate x g (¢) and di ¢(%). Fig. 3 plots the network
details.
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(a) Distributed network structure (b) Network statistical settings

Fig. 3. A wireless network with N = 10 nodes.



The simulated MSD learning curves are obtained by ensemble averaging over 100 independent trials. The steady-state MSD
values are obtained by ensemble averaging over 100 independent trials over the last 200 samples. The combining coefficients
a1, are computed by the Metropolis rule [40], v = 0.9 and A = 0.99. We have compared the proposed DQA-RLS in table II
with DRLS [12], DLMS [11], and DQA-LMS [29]. The curves with full resolution DRLS and full resolution DLMS legends
refer to the case where the input signals x4 (¢) and desired outputs dj(¢) are not quantized and used as high precision data for
the estimation task by DRLS and DLMS algorithms, respectively, whereas other curves are generated with b-bit quantized
xk,0(1) and di o(7) as the coarsely quantized data.

Figs. 4 and 5 show the global MSD learning curve (average MSD among nodes) and the node-wise steady state MSD
values obtained from simulations for DRLS and DQA-RLS using different numbers of bits. Curve 1 shows the standard DRLS
performance assuming full resolution ADCs to perform estimation. Curves 2, 4 and 6 show the MSD evolution of the standard
DRLS with signals coarsely quantized with b=1, 2 and 3 bits, respectively. Curves 3, 5 and 7 show the MSD performance of
the proposed DQA-RLS algorithm that improves the MSD performance for coarsely quantized signals. The performance of the
proposed DQA-RLS algorithm is closer to the DRLS while it reduces about 90% of the power consumption related to the
ADCs in the network (see Fig. 2b).

T T T
) Full resolution DRLS —e= (5) DQA-RLS, b = 1 bit

p——y
— =(2) DRLS, b= 1 bit = (6) DQA-RLS, b = 2 bits

5 —0 =(3) DRLS, b= 2 bits == (7) DQA-RLS, b = 3 bits|-|
—& =(4) DRLS, b = 3 bits

-10

S5}

=20+

MSD (dB)

-25F

=30+

35+

-40

0 200 400 600 800 1000
Iteration Number

Fig. 4. MSD curves for the DRLS [12] and DQA-RLS algorithms.
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Fig. 5. Steady-state MSD values for the DRLS [12] and DQA-RLS algorithms.

In the next two examples, the MSD performance is evaluated for different signal-to-noise ratios (SNRs) adjusted for the
network while nodes are working under different SNRs, i.e., SNR at node & equals the SNR adjusted to the network 20 % and
the results are shown in Figs. 6 and 7. In particular, Fig. 7 compares the simulation results with those obtained by the analytical
expression in (82). The results in Fig. 7 indicate that the theoretical and simulated results agree well especially for b = 3
and b = 4 bits, and low to moderate values of SNR, confirming the validity of the theoretical development. The node-wise
theoretical and experimental MSD values for different nodes for a moderate SNR are compared in Fig. 8 and authenticate the
validation of the MSD theoretical expression (81).

In Fig. 9, the MSD learning curves of the proposed DQA-RLS is compared with DQA-LMS [29], standard DRLS [12] and
DLMS algorithms [11]. We choose the same step sizes for all agents, i.e., ur = 0.05 for DLMS and DQA-LMS algorithms.
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It can be seen that the DQA-RLS algorithm improves the estimation performance of the DQA-LMS algorithm while both
outperform the standard DRLS and DLMS, respectively, with coarsely quantized signals. According to curves (5) and (6) in
Fig. 9, in applications in which computational complexity is not a bottleneck, one can use DQA-RLS with 2-bit quantization to
achieve the estimation performance of full resolution DLMS and save a large amount of energy consumption of the ADCs.
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Fig. 9. MSD curves for the DRLS [12], DLMS [11], DQA-RLS and DQA-LMS [29] algorithms.

VI. CONCLUSION

In this paper, we have proposed an energy-efficient framework for distributed learning and developed the DQA-RLS algorithm
along with bias compensation strategies for IoT networks. The DQA-RLS algorithm has comparable computational complexity
to the standard DRLS algorithm while it reduces the power consumption of the ADCs in the network by more than 90%. We
have also carried out a statistical analysis of the DQA-RLS algorithm along with a study of the power consumption of the
proposed and existing techniques. The derived analytical expressions have been shown to accurately predict the MSD of the
DQA-RLS algorithm. Numerical results have shown the excellent performance of DQA-RLS algorithm as compared to the
standard DRLS algorithm for coarsely quantized signals.

APPENDIX

In this Appendix, we obtain the theoretical expressions for R, o, Rq, k., and crgk based on R, , ag, i for the designed
thresholds and labels. We consider o,y = E[a(i)3*(j)] and o2 (i) = E[a(i)a*(i)]. From (14) and (8), Ry, » can be
obtained as follows:

Ry, k = Ray.@ — G pRay G, (85)
where Gy, 3 is computed as in (10) with R,,. We evaluate the covariance matrix R, o whose diagonal entries are given by
2v 1
Rz, lmm = Ellxk,o(m)["] = h Z [Py, q(m) = 1j]
2v 1
=h Z 12 i < Xk ) = lj < Tj+1] (86)

z( () o L)),



where 2 (m) = E[|x(m)|?] = [Ra,Jm,m, () refers to the cumulative distribution function and the variable i = 1 for real
data and h = 2 for complex data. The off-diagonal entries of R, o for 1 < m,n < M and m # n are given by

Ray,@lm,n = E[Xk,Q(m)XZ,Q(n)]
2v—12b-1
= D LilbPliq(m) =l xiq(n) = 1]
j=0 p=0
2v—12b-1
=3 > LilPlr < xp(m) < 141,
7=0 p=0
Tp < xi(n) < Tpy1)-
Unfortunately, (87) does not have a known closed-form expression and hence, has to be evaluated using numerical methods

[22]. However, in what follows, we shall present a closed-form approximation for the off-diagonal entries of R, o, following
[23]. Let us rewrite (14) as follows:

87)

Xk,Q(1) = GrpXp (1) + Ao,k (i) = Xk (1) + €x(1), (88)

where € (%) is the quantization error which by definition is the difference between an input value and its quantized value. Each
quantization process is assigned a distortion factor p, (%) to indicate the relative amount of quantization error generated, which
is defined as follows: 5 .

oc, (1)

€k

pq7 () 0_2 (l),

(89)

where o2 . (@) is the variance of the input and the distortion factor p, (i) depends on the number of quantization bits b, the
quantizer type (uniform or non-uniform) and the probability density function of xj () [23]. For Gaussian inputs and a scalar
non-uniform quantizer, e.g., Lloyd-Max quantizer, the distortion factor pg (%) = pg,» can be obtained from Table IV in [37] for
different b and asymptotically approximated by pg, = ”7‘/52*21’ for b > 5 [44]. Based on this, we obtain an approximation of
R, ¢ as follows [23]:

ﬁwk,Q ~ (1 - pq,b) (ka — Pq,b nondiag{ka}), (90)
where the operator nondiag{A} = A — diag{A}. Using this, we approximate the off-diagonal entries [R,, o]m,» as follows:
nondiag{R;, o} = Rau, .0 — dlag{ka o} 1)

Note that we compute the diagonal elements of R, ¢ directly using (86) instead of using the approximation in (90), to get an
accurate expression for [Ry, glm,m, and approximate the off-diagonal entries [Ry, g]m,» from (91).
We now find a closed-form expression for o2 , where Gx(i) = gr»0x(4) + qa,x (i) and

5, = Elgr ()3 (0)] = g7 400 x + Elga,r(1)qs,(0)]- (92)

From (15), we have

ooy = Elaar(i)ai ()] = 04, o — Gk v 1 (93)

where considering the data model in (1), Ji & 1S given by

04k = Eldi(0)dj,(i)] = WoRa, Wo + 07 . 94)
Finally, using the same evaluation as in (86), the variance of dj, ¢ is given by
2v 1
03 o = Eldrq(i)d; o(i) Jzz 2P[x,q(m) = 1]
2°—1
—thP <dj =1; < 7j41] (95)

_h2z_:1l2( oY) o (V1)

Od.k Od.k
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TABLE IV
DISTORTION FACTOR pg,;, FOR DIFFERENT ADC RESOLUTIONS b [37]

b 1 2 3 4 5
P 03634 0.1175  0.03454  0.009497  0.002499
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